In this paper, a rational Chebyshev (RC) collocation method is presented to solve high-order linear Fredholm integrodifferential equations with variable coefficients under the mixed conditions, in terms of RC functions by two proposed schemes. The proposed method converts the integral equation and its conditions to matrix equations, by means of collocation points on the semiinfinite interval, which corresponding to systems of linear algebraic equations in RC coefficients unknowns. Thus, by solving the matrix equation, RC coefficients are obtained and hence the approximate solution is expressed in terms of RC functions. Numerical examples are given to illustrate the validity and applicability of the method. The proposed method numerically compared with others existing methods as well as the exact solutions where it maintains better accuracy.
Introduction
In recent years, the studies of mixed integro-differential equations are developed very rapidly and intensively. Integro-differential equation is an equation that the unknown function appears under the sign of integration and it also contains the derivatives and functional arguments of the unknown function. It can be classified to Fredholm integro-differential equations and Volterra integro-differential equations. In this paper we focus on Fredholm integro-differential equations, but all algorithms in our work can be applied to Volterra integro-differential equations with a little modification. Integro-differential equations are important, but they are hard to solve even numerically, so the progress on how to solve them is slow. The concepts of integro-differential equations have motivated a huge size of research work in recent years, several numerical methods were used such as wavelet-Galerkin method [1] , Lagrange interpolation method [2] , Taylor polynomials [3] and [4] , Chebyshev polynomials [5] , [6] and [7] , Adomian decomposition method [8] and [9] , the differential transformation method [10] and [11] , Legendre polynomial [12] , CAS Wavelet operational matrix [13] , Reduced differential transform method [14] , Homotopy perturbation method [15] . In our work, we apply rational Chebyshev (RC) collocation method [16] and [17] for solving high-order linear Fredholm integro-differential equations and we will show that convergent rate of RC is more accelerate than other existing method. The organization of this paper, in Section 2, preliminaries introduced while in section 3, properties of the RC functions are presented. In Section 4, we formulated the fundamental matrix relation based on collocation Points. In Section 5, the method of solution is presented. Section 6, contains numerical illustrations and results that are compared with the exact solution and other existed methods. Finally, section 7, concludes this article with a brief summary.
Preliminaries
Consider the mth order linear Fredholm integro-differential equation with variable coefficients
under the mixed conditions
where a jk , b jk ,c jk and µ j are suitable constants and P k (x), g(x), K(x,t)are function defined in interval 0 ≤ x,t ≤ a < ∞.We assume that the solution of this system can be expressed in terms of a truncated RC functions as follows:
where N is chosen any positive integer such that N ≥ m and a n are unknown RC coefficients.
Properties of the rational Chebyshev functions

Rational Chebyshev functions
The well-known Chebyshev polynomials are orthogonal in the interval [-1, 1] with respect to the weight function w (x) = 1/ √ 1 − x 2 and can be determined with the aid of the recurrence formulae
The RC functions are defined by
The recurrence relation is
RC functions are orthogonal with respect to the weight function w(x) = 1 ((x + 1) √ x) in the interval [0, ∞),with the orthogonally property: Since the set of RC functions is orthogonal and complete y(x) defined over the interval [0, ∞) can be expanded as:
where
Fundamental matrix derivative relation of RC by first scheme (RRC)[16]
The derivative of the vectorR(
where D is (N + 1) × (N + 1)operational matrix for the derivative.
Differentiating relation (4) we get:
2 which can be expressed as follows:
Form above, the elements d i j ,of the matrix D can be obtained from
The general form of the matrix D is a lower-Heisenberg matrix. The matrix D can be expressed asD = D 1 + D 2 , where D 1 is a tridiagonal matrix which is obtained from 
Consequently, the k th derivative of the matrix R(x) defined in (5), can be obtained as
Fundamental matrix derivative relation of RC by second scheme (IRC)[17]
It is clear that using (8) leads to a truncated last term of relation (7). Moreover in the higher derivatives the truncation is more than one term. For example using forth order derivative at n=3, the truncated terms will vanish in the last four terms in R 4 , R 5 , R 6 , R 7 . This will lead to unsatisfied approximating using RRC scheme. Therefore, we will try to improve the definition of the derivative of RC functions. It is noted that in [16] the last term is truncated to get a square matrix so the matrix product is possible.
Now, we will add a vector to (8) to keep the truncated term which will improve our approximation. This technique will be called an improved regular RC functions and denoted by IRC.
Thus, we can obtain general form as:
To obtain the matrix R (k) (x) we can use the relation (9):
. . .
Consequently, the k th derivative of the matrix R(x) defined as:
Fundamental matrix relation based on collocation points
In this section we will provide fundamental matrix relation based on collocation points of the solution of (1) with (2) by two schemes. First assume that the solution y(x) of (1) can be expressed in the form (3), which is a truncated Chebyshev series in terms of RC functions. Then y(x) and its derivative y ( j) (x) can be put in the matrix forms
Now, let us write (1) in the form
where the differential part
and the Fredholm integral part
Let us now form the matrix relation for Fredholm integral part (14) . The kernel function K(x, t) can be approximated by the truncated RC series as follows
Then the matrix representation of K(x, t) can be given by
The matrix representation of y(t) can be given by
Substituting (15), (16) into (14), we get
Fundamental matrix relation by first scheme (RRC)
From relations (8) and (11), then (13) , takes the form
Substituting (17) and (18) into (12), we get
Now, let us define the collocation points as
Upon substitux s = c N s, ting points (20) into (19) we obtain
The obtained system (21) can be written farther in the matrix form
Then the fundamental matrix for solving of Fredholm integro-differential equation obtains as:
Similarly, we form the matrix representations of the mixed conditions.
Substituting the matricesy (k) (α), y (k) (β ) and y (k) (γ) which depends on the RC coefficients matrix A into (2) and simplifying the result we obtain
Fundamental matrix relation by second scheme (IRC)
Similarly, the second scheme IRC gives us derivative RC functions of k th order as:
From relations (10) and (11), then (13), takes the form
Substituting (17) and (25) into (12), we get
Upon substituting points (20) into (26) we obtain
The obtained system (27) can be written farther in the matrix form
Then the fundamental matrix for solving of Fredholm integro-differential equation takes the form:
Substituting the matrixy (k) (α), y (k) (β )and y (k) (γ) which depends on the RC coefficients matrix A into the (5.2) and simplifying the result we obtain
Method of solution
The fundamental matrix equations (23) and (29) for (1) correspond to a system of (N+1) algebraic equations for the (N+1) unknown coefficients a 0 , a 1 , ..., a N . One writes equations (23) and (29) in short form as:
We can obtain the matrix form for the mixed conditions (2), by means of equations (24) and (30) briefly as
so that W and U i for first scheme defined by:
while, the definition of W and U i for second scheme obtained as:
and
Now, the solution of (1) under the conditions (2), can then be obtained by replacing the rows of matrices (32) by the last m rows of the matrix (31), we get the required augmented matrix 
If rankW = rank[W ;G] = N + 1,then we can write the matrix equation (31) as:
and therefore the coefficients a n ; n =0, 1,. . . , N are uniquely determined by (33).
Numerical examples
In this section, numerical examples are given to illustrate the applicability, accuracy and effectiveness of the proposed techniques. All examples are performed on the computer using a program written in MATHEMATICA 7.0. The obtained numerical results are presented as shown in the illustrative Tables. The absolute errors, in tables, are given by the values of e(x) = |y(x) − y N (x)| evaluated at selected points.
Example 1. Let us first consider the linear Fredholm integro-differential equation
with y(0) = 1, y(1) = 1 2 . For this example we have,
Then for N = 2, the collocation points are
Where P 0 , P 1 , P 2 , K, Mare matrices of order (3×3) defined by 
we then obtain the solution for WA=G A = 1/2 −1/2 0 , Therefore, we find the solution
to be in the form
or in the form
which is exact solution of this problem.
The fundamental matrix equation (23) of problem by RRC scheme is
for N = 2 we get badly approximate but for N = 3 we will get the exact solution of this problem.
Example 2.
Let us first consider the integro-differential equation [10] , [13] 
with y(0) = 0. The numerical solutions obtained from the IRC scheme and RRC scheme for N = 4. In table 1 the errors given by the two proposed schemes compared with errors calculated by CAS Wavelet method [13] and differential transformation method [10] in the interval[0, 1]. It is noted from table 1 that the present method by two schemes is better than the differential transform method in [10] . On the other hand, the results obtained by CAS Wavelet method [13] are close to the results obtained by the present method. 
with y(0) = 0.
The numerical solutions obtained by the IRC scheme for N = 4. In table 2 comparing the error obtained with CAS wavelet method [13] and differential transformation method [10] . The exact solution of this problem isy(x) = e −x . The solution obtained by IRC scheme. In table 3 the errors calculated with different N, clearly indicates that when we increase the truncation limit N, we have good accuracy. 
With y(0) = 0. The exact solution is y(x) = x.
The errors given for various N in interval [0, 3] using IRC scheme, see table 4 clearly indicates that when we increase the N, we have less error. 
with y(0) = 1, and the exact solution isy(x) = sec h(x).
We obtain the approximate solution by RC collocation methods of the problem for N= 8. In table 5 From figure 1 one can see that the numerical results given by IRC scheme is better than RRC scheme. 
Conclusions
The rational Chebyshev (RC) collocation method is proposed to find approximate solution and also, analytical solution of Fredholm integro-differential equation with variable coefficients under the mixed conditions. The proposed method converts the integral equation and its conditions to matrix equations, by means of collocation points. Moreover, the method shows to best advantage when the functions K(x,t) can be expanded to the RC series which converges rapidly. Illustrative examples are included to demonstrate the validity and applicability of this technique, and performed on the computer using MATHMATICA 7.0. In addition, an interesting feature of this method is to find the analytical solution if the equation has an exact solution of rational form. Suggested approximations make this method very attractive and contributed to the good agreement between approximate and exact values in the numerical example. As a result, the power of the employed method is confirmed.
